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ABSTRACT
Energy dependent phase lags reveal crucial information about the causal relation be-
tween various spectral components and about the nature of the accretion geometry
around the compact objects. The time-lag and the fractional root mean square (rms)
spectra of GRS 1915+105 in its heartbeat oscillation class/ρ state show peculiar be-
haviour at the fundamental and harmonic frequencies where the lags at the fundamen-
tal show a turn around at ∼ 10 keV while the lags at the harmonic do not show any
turn around at least till ∼ 20 keV. The magnitude of lags are of the order of few sec-
onds and hence cannot be attributed to the light travel time effects or Comptonization
delays. The continuum X-ray spectra can roughly be described by a disk blackbody
and a hard X-ray power-law component and from phase resolved spectroscopy it has
been shown that the inner disk radius varies during the oscillation. Here, we propose
that there is a delayed response of the inner disk radius (DROID) to the accretion rate
such that rin(t) ∝ m˙
β(t − τd). The fluctuating accretion rate drives the oscillations
of the inner radius after a time delay τd while the power-law component responds
immediately. We show that in such a scenario a pure sinusoidal oscillation of the ac-
cretion rate can explain not only the shape and magnitude of energy dependent rms
and time-lag spectra at the fundamental but also the next harmonic with just four
free parameters.
Key words: accretion, accretion discs−black hole physics−X-rays: binaries−X-rays:
individual: GRS 1915+105
1 INTRODUCTION
GRS 1915+105 exhibits a range of variability in its
light curve and power density spectra (PDS), along
with other peculiar features like near-Eddington ac-
cretion rate consistent for 20 years, jet activities −
from steady radio flickering to super-luminal radio
ejections (Mirabel & Rodriguez 1994) and regular tran-
sitions into various spectral states in time-scale from
msec to hours (Morgan, Remillard & Greiner 1997;
Muno, Morgan & Remillard 1997; Mirabel & Rodriguez
1994; Belloni et al 1997). The timing analysis features 14
variability classes with each having their own peculiar light
curves, phase/time-lags and coherence (Belloni et al 1997;
Pahari et al. 2013a,b). Among the 14 variability classes,
the ρ class shows characteristic limit-cycle variability in
the time-scale of 50−100 sec with large amplitude oscilla-
⋆ E-mail: mubiphst@gmail.com
tions in X−ray intensity by nearly an order of magnitude
(Taam, Chen & Swank 1997; Belloni et al 1997).
A promising model for the ρ class variability
is that it is driven by radiation pressure instabil-
ity (Lightman & Eardley 1974; Taam & Lin 1984;
Taam, Chen & Swank 1997). However, numerical simula-
tions of the instability suggests that there is need to change
the viscous prescription and take into account a fraction of
energy dissipating in a corona to explain the overall X-ray
modulation (e.g. Nayakshin, Rappaport, & Melia 2000;
Janiuk, Czerny, & Siemiginowska 2000; Janiuk & Czerny
2005). Phase resolved spectroscopy of the variability reveals
a consistent picture where the instability causes the inner
disk radius to vary with the luminosity variation, which
may be due to mass ejection from the system (Neilsen et al.
2011, 2012). The spectral modeling at different phases
show complex components consisting of disk emission and
a power-law with a high energy cutoff.
An alternate approach to phase resolved spectroscopy
is to understand the energy dependent phase lag and
c© 0000 The Authors
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Figure 1. The predicted time-lag and rms versus energy for the fundamental (left panels) and the next harmonic (right panels) for
different values of the power-law to disk flux ratio parameter N . The other parameters are kept at some constant fiduciary values. Note
the sensitivity of the peak of the time-lag curve for the fundamental to N .
rms spectra of an oscillation. This is particularly use-
ful for Quasi periodic oscillations (QPO). Such anal-
ysis of high frequency QPOs can give crucial infor-
mation regarding the size of the emitting region (e.g.
Lee, Misra & Taam 2001; Kumar & Misra 2014) and for the
low frequency ones the causal connection between spectral
parameters (Misra & Mondal 2013). Ingram & van der Klis
(2015) have considered both energy dependent rms and
phase resolved spectroscopy to argue that the low fre-
quency QPO in the χ state has a geometric origin.
Frequency resolved spectroscopy at the QPO frequency
which is related to the energy dependent rms curves
can provide crucial information regarding the nature of
the oscillation (Axelsson, Done, & Hjalmarsdotter 2014).
Janiuk & Czerny (2005) report hard photon time-lags for
the ρ class variability which they interpret as the delay for
the corona to adjust to a varying accretion rate. Indeed the
magnitude of the time delays of the order of seconds im-
plies that it is not due to light travel time effects and in-
stead should be associated with time delays between dif-
ferent structural parameters. Since the inner disk radius is
known to vary during the oscillation (Neilsen et al. 2012),
it would be interesting to see if energy dependent time-lags
and the rms spectra of the different harmonics of the oscilla-
tion can provide insight into how the the inner radius varies
with the accretion rate.
As we describe below the time-lag and rms spectra for
the ρ class variability is fairly complex and our motivation is
to identify the simplest model which can describe not only
the behaviour of the fundamental but also simultaneously
that of the next harmonic.
2 THE DELAYED RESPONSE OF THE INNER
DISK MODEL(DROID)
We assume that the X−ray emission primarily consists of
two components, a soft disk blackbody and a hard X−ray
power-law extending from ∼ 1 keV to high energies due to a
corona. We neglect contributions from the Iron line emission
and other reflection features..
The blackbody disk flux is given by
Fd ∝ E
2
∫ ∞
rin
r
exp( E
kT (r)
)− 1
dr (1)
where E is the energy of the photon, r is the radius, rin is
the inner disk radius and T(r) is the surface disk temper-
ature. From the standard disk blackbody model, we have
MNRAS 000, 1–8 (0000)
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Figure 2. The predicted time-lag and rms versus energy for the fundamental (left panels) and the next harmonic (right panels) for
different values of the parameter β which relates the dependence of the inner radius with the accretion rate. The other parameters are
kept at some constant fiduciary values. Note the sensitivity of the time-lag curve for the next harmonic to β.
(Frank, King & Raine 2002):
kTr = kTin
(
r
rin
)−3/4
(2)
where Tin ∝ m˙
1/4rin
−3/4, m˙ is the accretion rate. The
power-law component is taken to be
Fp ∝ m˙
ΓE−P (3)
where it has been assumed that the normalization of the
power-law depends on the accretion rate (∝ m˙Γ) while for
simplicity the photon index P does not vary.
The variation of the total flux FT = Fd + Fp due to
variations of the accretion rate and inner radius, to second
order is given by
δFt = (Ft)m˙δm˙+ (Ft)rinδrin +
1
2
(Ft)m˙m˙δm˙
2
+(Ft)m˙rinδm˙δrin +
1
2
(Ft)rinrinδrin
2 (4)
Here we denote the normalized variation δX = ∆X/X and
define
(Z)X =
X
Z
∂Z
∂X
and (Z)XY =
XY
Z
∂
∂X
∂Z
∂Y
(5)
We assume that the inner disk radius follows the accre-
tion rate with a time delay defined by:
rin(t) ∝ m˙
−β(t− τd) (6)
and that the accretion rate undergoes a pure sinusoidal vari-
ation at an angular frequency ω
m˙(t) = m˙o(1 + δm˙) = m˙o(1 + |δm˙|e
iωt) (7)
which drives the variability of the inner radius, rin(t) =
rino(1 + δrin) where
δrin = −β|δm˙|e
iω(t−τd) +
β(β + 1)
2
|δm˙|2e2iω(t−τd) (8)
Substituting the above in Eqn (4), and collecting terms pro-
portional to eiωt and e2iωt, for the fundamental oscillation,
we get:
δF ft =
|δm˙|
1 +
Fp
Fd
(
Aeiωt +Beiω(t−τd)
)
(9)
and for the next harmonic:
δF ht =
|δm˙|2
1 +
Fp
Fd
(
A′e2iωt +B′e2iω(t−τd) + C′e2iω(t−τd/2)
)
(10)
The coefficients A,B,A′, B′ and C′ are derived and listed
in Appendix (A). The ratio of the power-law to disk flux
Fp/Fd can be conveniently written as
Fp
Fd
= NG(E, kTin, P ) (11)
MNRAS 000, 1–8 (0000)
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Figure 3. The predicted time-lag and rms versus energy for the fundamental (left panels) and the next harmonic (right panels) for
different values of the power-law index p. The other parameters are kept at some constant fiduciary values.
The function G is given in Appendix B and N is a parameter
which can be obtained from the time-averaged spectrum.
The energy dependent rms for the fundamental and
next harmonic are given by 1√
2
|δF ft (E)| and
1√
2
|δF ht (E)|
while the phase lag with respect to a reference energy
Eref is given by the phase of δF
f
t (E)(δF
f
t (Eref ))
∗ and
δF ht (E)(δF
h
t (Eref ))
∗.
The energy dependent variations δF ft and δF
h
t given
by Equations (9) and (10) depend on several parameters
which can be divided into two groups. The parameters of
the first group can be estimated from the time averaged
spectrum which are the inner disk temperature Tin, the high
energy photon index P and N which parametrizes the ratio
of the power-law to disk flux. The parameters of the second
group pertain to the nature of the oscillation and are the
exponents for inner disk radius (β), the power-law flux (Γ)
with the accretion rate, ωtd which is the phase difference
(between the inner disk radius & the accretion rate) and
an over all normalization of the variation |δm˙|. Thus in this
simplistic model, the energy dependent rms and time-lag for
the fundamental and next harmonic are completely specified
by these four parameters. Of these the normalization of the
variability |δm˙| determines the normalization of the rms of
the fundamental while its square determines that of the next
harmonic.
To illustrate the dependence of the predicted energy de-
pendent rms and lag of this model on parameters, we show
as an example in Figure (1) the predicted curves for differ-
ent values of the power-law to disk flux ratio characterized
by N while the other parameters of the model are fixed at
some fiduciary values i.e. Tin, β, p, ω ∗ τd, Γ & ∆m˙ at 1.5
keV, 0.65, 2.7, 2.2 ,0.05 and 0.4 respectively. A salient fea-
ture of the model is that the time-lag increases with energy
and then decreases. This occurs because the high energy
photons are dominated by the power-law component which
varies with the accretion rate without any time-delay. On the
other hand, the low energy photons from the disk component
are more sensitive to the accretion rate rather than the inner
radius. Thus the low energy photons from the disk and the
high energy ones from the power-law component have rela-
tively less time delay as compared to photons with energy
close to Tin, which depend significantly on the inner radius
which is assumed to be delayed with respect to the accretion
rate. Thus, the turnover energy depends sensitively on the
flux ratio of the power-law and disk components character-
ized by the parameter N . Since the ratio can be estimated
from the time-averaged spectrum, there is little leverage to
tune the other parameters to get the observed lag turnover
energy.
In Figure (2), we show the rms and time-lag for vari-
ations for another important parameter β which is the ex-
ponent specifying the relation between the inner radius and
the accretion rate. It is interesting to note the sensitive be-
haviour of the time-lag for the next harmonic to β where
small changes in β lead to dramatic qualitative changes i.e.
from hard to soft lags. In Figure (3), are shown the rms
and time-lag variations for different photon indices. The be-
haviour is similar to that observed from the Figure(1) since
the ratio
Fp
Fd
given by Eqn (B1) depends on N and p.
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Figure 4. Power density spectrum shown for the “ρ” variability
class observed on 23 May, 2001 (OBS-Id: 60405-01-02-00), fitted
with Lorentians and broken power-law along with residuals.
2.1 Comparison with observations
The ‘ρ’ variability class shows a range of frequencies from
∼ 10-20 mHz with the occasional presence of multiple har-
monics. Using RXTE/PCA archival data for the white
noise-subtracted, rms-normalized power density spectrum
observed during ‘ρ’ class on 23 May, 2001 (OBS-Id: 60405-
01-02-00) is shown in the top panel of Figure 4 fitted with
multiple Lorentians and a power-law with a break frequency
at ∼ 0.1 Hz. Residuals of the fit are shown in the lower
panel. From the fitting, the fundamental and the next three
harmonics are clearly detected with > 3σ significance at
19.5+1.8−1.2 mHz, 39.1
+2.5
−2.5 mHz, 58.6
+5.4
−4.7 mHz and 78.2
+6.5
−5.3
mHz respectively.
For the above observation, we obtain the time aver-
aged photon spectrum from standard2 data file of PCA.
For data extraction, we use PCU2 only since it is reliably
on throughout the observation and has the best calibration
accuracy. Using PCA responses and latest background spec-
tral file, the source spectrum in the energy range 3.0−25.0
keV is fitted with a two component model : multi-colour disk
blackbody (diskbb in XSpec) model and a simple power-law
(powerlaw in XSpec), along with a Gaussian component at
∼ 6.4 keV and all components are modified by Galactic ab-
sorption (TBabs in XSpec). The fit gave a χ2/dof = 40.41/40
and the best fit spectral parameters are listed in Table (1).
We calculate time-lag spectra using cross spectrum
techniques (Nowak et al. 1999) in different energy bands in
the range 3.20 − 19.85 keV, where the reference band for
lag calculation is chosen to be 3.69 − 4.52 keV at both fun-
damental and harmonic frequencies. The rms was calculated
by computing the power spectrum for different energy bins.
Each power spectrum was fitted with a broken power-law
and Lorentzians as shown in Fig. 4. Then by integrating the
fitted components, the rms was calculated. Table (1) shows
the values of the parameters used to model the observed lag
and fractional rms. As can be seen in Fig.(5), the time-lag
at fundamental (top left panel) shows a reversal around ∼
12 keV while for the next harmonic (top right panel) the
time-lag seems to rise at least up to ∼ 20 keV. However, the
model-predicted spectrum fits the data well and the exten-
sion of the fitted model till 40 keV shows saturation around
25 keV. Because of poor coherence and poor statistics above
Table 1. Best fit parameters obtained from time-averaged spec-
trum fitting and from the proposed model fitting of the energy
dependent time-lag and rms for the 23 May 2001 observation of
GRS 1915+105 during the ρ class
kTin Nd p Np N
(keV)
1.47+0.01−0.01 220
+11.10
−11.14 2.85
+0.02
−0.02 34
+2.3
−2.4 3.15
+.25
−.25
β ωτd Γ δM˙
0.73 2.25 0.1 0.47
Note: kTin is the inner disk temperature (keV), p is the photon
power-law index, Nd is the normalization of the disk blackbody
component Np is the power-law component normalization and N
is obtained from the spectral information. N is related to the ra-
tio between the normalizations of power-law and disk blackbody
(Appendix B). β is the power-law variation of Rin with m˙ , ωtd
is the phase difference, Γ is the dependence of power-law nor-
malization on m˙ and δm˙ is the amplitude of the accretion rate
variability.
20 keV for RXTE/PCA, we are unable to verify the model-
predicted saturation using actual data.
While a detailed analysis of the energy dependent rms
and time-lag for different observations during the ρ class
variability will be presented elsewhere (Mir et. al. to be sub-
mitted), here we have used one observation as a typical ex-
ample. We note that the qualitative behaviour of the energy
dependence is fairly generic. Indeed, the detailed phase re-
solved spectroscopy of different observations also show that
the energy dependence is similar despite changes in the fre-
quency of the oscillations (Neilsen et al. 2011, 2012)
3 DISCUSSION AND CONCLUSION
GRS 1915+105 shows a fascinating clockwork in its ρ-class,
reflected in the highly periodic light curves which resemble
closely to the human cardiogram, thus is also called as heart-
beat state. We have studied the energy-dependent frequency
resolved lags and fractional rms of this variability and they
show a unique behaviour. With the lags of the order of few
seconds, they cannot be attributed to light crossing time ef-
fects or due to Comptonization delays. The interesting fea-
ture is that the lag at the fundamental frequency show a
phase reversal ∼ 10keV while at the next harmonic it keeps
increasing with energy. The fractional rms amplitude at the
fundamental and the next harmonic are also non-monotonic
with energy.
We show, that these qualitative features can be ex-
plained in a model where the power-law component varies
directly with the accretion rate while the inner disk radius
responds after a time delay (DROID). Apart from parame-
ters estimated from the time averaged spectrum, the energy
dependent rms and time lag for the fundamental as well as
the next harmonic are specified by only four free parame-
ters and hence it is remarkable that such a simple picture
can even qualitatively reproduce the overall features.
It should be emphasized that the analysis of energy de-
pendent time-lag and rms and the model proposed to ex-
plain them are not different but complimentary to the phase
MNRAS 000, 1–8 (0000)
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Figure 5. The observed and predicted energy dependent time-lag and rms at the fundamental (left panels) and for the next harmonic
(right panels) observed on 23 May, 2001. The parameters used for the model are listed in Table 1. The four predicted curves are determined
by only four free parameters
resolved spectroscopy done earlier by Neilsen et al. (2011,
2012). Indeed as expected both analysis find that the ba-
sic feature of the oscillation is that the inner disk radius
oscillates. The analysis done here provides another way of
analyzing and understanding the data. Moreover, for obser-
vations of other types of oscillations, energy dependent rms
and time-lag may be more easily estimated than performing
a complete phase resolved spectroscopy.
A remarkable feature of this model is that the primary
driver is a pure sinusoidal oscillation in the accretion rate
and the other harmonics can be attributed to the non-linear
relationship between the accretion rate and the inner disk
radius as well as that between the two and the emergent
spectrum. As the accretion rate increases the disk extends
inwards, but this does not happen instantaneously. The in-
ner disk responds after a time-delay that is found for this
observation to be ∼ 20 secs, which may be noted to be of
the order of the viscous timescale. Thus our results present
a scenario which has the potential to be developed into a
physical interpretation based on the nature of the accretion
disk instability.
The spectral components used in this model are sim-
plistic. Instead of a power-law, the high energy component
should be correctly modeled as a thermal Comptonization
spectrum where the Comptonized flux should depend on
the accretion rate. This will lead to variations in the spec-
tral index which is considered in this work to be a con-
stant. Moreover, there should also be a reflection component
which may play an important part in the QPO formation
(e.g. (Sobolewska & Z˙ycki 2006)). The time-lag measured
and modelled in this work is of the order of few seconds.
Unless the reflector is significantly far away from the central
object, any time-lag between the continuum and the reflec-
tion component (which is of the order sub-millisecs to few
millisecs for a ∼ 10 M⊙ black hole) can be neglected for
the analysis done here. However, the rms spectra obtained
from AGN (e.g., MCG 6−30−15) do show significant dip
(Z˙ycki et al. 2010) at the position of 6.4 keV Fe emission
line which is solely due to reflection. Therefore, instead of
a powerlaw the combined continuum and reflection compo-
nent needs to be considered, which will effect the results
primarily in the Iron line region (Fabian et al. 2009). Such
analysis would necessarily involve complex numerical com-
putation which is presently out of scope of this work but can
be considered as an extension of the present idea in future.
It is likely that the deviation of the data from the predicted
model, especially for the shape of the energy dependent rms
curves, arises because of the simple spectral model used. A
more realistic model would warrant fitting the data statisti-
cally and obtaining parameter values with confidence limits.
It will be interesting to study how the parameters of the
model change for different oscillations of the ρ class, espe-
cially as a function of the frequency of the oscillations. Such
a study will shed light on structural changes that occur dur-
ing these oscillations and will help in obtaining a complete
hydrodynamic understanding of the phenomenon.
Finally, the model maybe applicable to other QPOs ob-
served in different systems where the disc component varies
MNRAS 000, 1–8 (0000)
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significantly during the oscillation. Observations of different
black hole systems by the recently launched Indian multi-
wavelength satellite ASTROSAT is expected to provide high
quality event tagged data which would be ideally suited for
such analysis.
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APPENDIX A: ACCRETION RATE INDUCED
SPECTRAL VARIABILITY OF A DISK AND A
POWER-LAW COMPONENTS
The accretion disk flux can be rewritten as
FD ∝ E
−2/3m˙2/3
∫ ∞
Z
y5/3
exp(y)− 1
dy (A1)
where Z ≡ E/kTin and the relation Tin ∝ m˙
1/4rin
−3/4 has
been used. Its variation is given by
δFD = (FD)m˙δm˙+ (FD)ZδZ +
1
2
(FD)m˙m˙δm˙
2
+(FD)m˙Zδm˙δZ +
1
2
(FD)ZZδZ
2 (A2)
Here and as has been used in the main text, we denote the
normalized variation δX = ∆X/X and define
(Z)X =
X
Z
∂Z
∂X
and (Z)XY =
XY
Z
∂
∂X
∂Z
∂Y
(A3)
The derivatives can be computed to be (FD)m˙ = 2/3,
(FD)m˙m˙ = −2/9,
(FD)Z = f(Z) =
Z
8
3
(eZ − 1)
∫∞
Z
y
5
3
exp(y)−1 dy
(A4)
(FD)ZZ = f(Z)(
5
3
− k(Z)) = f(Z)(
5
3
−
zeZ
eZ − 1
) (A5)
and (FD)m˙Z = 2f(Z)/3.
Since Z depends on Tin which in turn depends on m˙ &
rin, as Z = αm˙
−1/4r3/4in , we have:
δZ =
3
4
δrin−
1
4
δm˙−
3
32
(δrin)
2+
5
32
(δm˙)2−
3
16
δm˙δrin (A6)
The power-law component is assumed to depend on the
accretion rate as Fp ∝ m˙
ΓE−P and hence
δFp = Γδm˙+
Γ(Γ− 1)
2
(δm˙)2 (A7)
The variation in the total flux Ft = FD + Fp is
δFt =
FD
Ft
δFD +
Fp
Ft
δFp (A8)
Next assuming that the inner disk radius follows the
accretion rate with a time delay rin(t) ∝ m˙
−β(t − τd) and
that the accretion rate undergoes a pure sinusoidal variation
at an angular frequency ω i.e. δm˙ = |δm˙|eiωt the inner disk
variation is given by
δrin = −β|δm˙|e
iω(t−τd) +
β(β + 1)
2
|δm˙|2e2iω(t−τd) (A9)
Finally collecting terms proportional to eiωt and e2iωt,
we get for the fundamental oscillation,
δF ft =
|δm˙|
1 +
Fp
Fd
(
Aeiωt +Beiω(t−τd)
)
(A10)
and for the next harmonic:
δF ht =
|δm˙|2
1 +
Fp
Fd
(
A′e2iωt +B′e2iω(t−τd) + C′e2iω(t−τd/2)
)
(A11)
where
A =
2
3
+
f(z)
4
+ Γ
Fp
Fd
B =
3
4
βf(z)
A′ = −
1
9
+
f(z)
8
(
k(z)
4
−
1
3
)
+
1
2
Γ(Γ− 1)
Fp
Fd
B′ =
3
8
f(z)
(
β2
(
3
4
k(z)− 1
)
− β(β + 1)
)
C′ =
3
16
βk(z)f(z)
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APPENDIX B: ESTIMATING THE
POWER-LAW TO DISK FLUX RATIO FROM
TIME-AVERAGED SPECTRUM
In terms of Z = E/kTin, the ratio of the power-law to disk
flux can be written as
Fp
Fd
= NG(Z, p) = NZ−(p+2)f(Z)(eZ − 1) (B1)
From Xspec model fitting of the spectrum we get the nor-
malization of the power-law Fp = NpE
−P and that of the
disk emission,
Nd =
(
(rin/kms)
(D/10kpc)
)2
cos(θ) (B2)
By carefully comparing the flux equations, substituting Z
for E and converting the energy unit from keV to ergs, one
gets
N =
3
16pi
Np
Nd
(kTin)
−(p+2)hc2
(
105
10kpc
)−2 (ergs
keV
)−3
(B3)
or numerically
N ≈ 1.316 × 102 ×
Np
Nd
(
kTin
1keV
)−(p+2)
(B4)
This paper has been typeset from a TEX/LATEX file prepared by
the author.
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